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Spin-density induced by electromagnetic wave in two-dimensional electron gas with
both Rashba and Dresselhaus spin-orbit couplings
Mikhail Pletyukhov
Institut fu¨r Theoretische Physik A, Physikzentrum, RWTH Aachen, D-52056 Aachen, Germany
Alexander Shnirman
Institut fu¨r Theorie der Kondensierten Materie and DFG Center for Functional Nanostructures (CFN),
Universita¨t Karlsruhe, D-76128 Karlsruhe, Germany
We consider the magnetic response of a two-dimensional electron gas (2DEG) with both Rashba
and Dresselhaus spin-orbit coupling to a microwave excitation. We generalize the results of Ref. [1],
where pure Rashba coupling was studied. We observe that the microwave with the in-plane electric
field and the out-of-plane magnetic field creates an out-of-plane spin polarization. The effect is more
prominent in clean systems with resolved spin-orbit-split subbands. Considered as response to the
microwave magnetic field, the spin-orbit contribution to the magnetization far exceeds the usual
Zeeman contribution in the clean limit. The effect vanishes when the Rashba and the Dresselhaus
couplings have equal strength.
PACS numbers: 72.25.Rb,85.75.-d
The spin-orbit effects in semiconductors have been
studied for a long time [2, 3, 4]. The discussion was
revived in relation to the spin-Hall effect [5, 6] in hope of
applying spin-orbit related effects to spintronics [7]. Ini-
tially the effect was considered for conductors, e.g., for
a 2DEG. Although the attention of the community has
now mostly switched to the quantum spin-Hall effect in
”spin-Hall insulators” [8, 9], we consider here the spin-
Hall related effects in a 2DEG with both Rashba and
Dresselhaus spin-orbit couplings.
The promise of the spin-Hall effect is in the possibil-
ity of generation of non-equilibrium spin polarization by
means of a DC electric field. However, after some discus-
sions it was concluded that in two-dimensional electron
gases with the Rashba and the Dresselhaus spin-orbit in-
teractions the spin-Hall effect vanishes for constant and
homogeneous electric field [10, 11, 12, 13]. At finite fre-
quencies the spin-Hall effect is non-zero [11].
While for the homogeneous spin-Hall effect (uniform
applied electric field) the out-of-plane spin polarization
is expected to accumulate only at the edges of the sam-
ple [11], there is an alternative possibility that we explore
here: To create an out-of-plane inhomogeneous spin den-
sity in the bulk in response to a spatially-modulated field.
Such bulk accumulation is free from the uncertainties as-
sociated with the charge and spin transport near the sam-
ple boundaries, and thus may provide an unambiguous
method to detect the spin-Hall effect.
Alternatively, one can consider our results as providing
the spin response to a long wave (spatially homogeneous),
out-of-plane, oscillating magnetic field. According to the
Faraday induction law such a field creates spatially in-
homogeneous, in-plane electric field which in turn is re-
sponsible for the effect.
In this paper we generalize the results of Ref. [1] where
the magnetic response of a 2DEG with pure Rashba spin-
orbit coupling to microwaves was studied. Here we con-
sider a more general situation where both couplings are
present.
The spin-orbit coupling reads
HSO = αR(−pxσy + pyσx) + αD(pxσx − pyσy) , (1)
where αR and αD are the strengths of the Rashba and
Dresselhaus spin-orbit couplings respectively. It is con-
venient to perform a π/4 rotation in both the momen-
tum and the spin spaces. That is p′x =
px+py√
2
, p′y =
−px+py√
2
, and σ′x =
σx+σy√
2
, σ′y =
−σx+σy√
2
. Then the
spin-orbit coupling reads
HSO = −(αR + αD)p′xσ′y + (αR − αD)p′yσ′x . (2)
In what follows we work in the rotated basis and omit
the primes.
Introducing the angle φp via p = |p|(cosφp, sinφp)
we obtain the energies of the two sub-bands given by
ǫ±(p) = p
2
2m∗ ± αφ(φp)|p|, where m∗ is the electron
band mass, αφ(φp) ≡
√
(α2R + α
2
D)(1 + Tα cos 2φp), and
Tα ≡ 2αRαDα2
R
+α2
D
. For purely Rashba (Dresselhaus) coupling
Tα = 0, while in the case of equal coupling strengths
Tα = 1.
We consider a linearly polarized in-plane mi-
crowave field A = A0 exp(iqr − iΩt), where A0 =
A0(cosα, sinα, 0) and q = q(sinα,− cosα, 0). The signs
are chosen so that for positive A0 and q the vectors
q,A0, ez form a right-handed basis. As usual E =
(iΩ/c)A and B = iq ×A.
Kinetic equation. We follow the route of Refs. [1, 11,
14] and use the standard linear response Keldysh tech-
nique to determine the dynamics of the charge and spin
densities. For introduction into the Keldysh technique
see Ref. [15]. In the dirty limit (to be defined below)
2this technique leads to diffusion equations for the spin
and charge densities [11, 16]. We concentrate here on
the clean limit although our results are valid also in the
dirty limit.
We consider only the s-wave disorder scattering, that is
Vdisorder =
∑
k uδ(r−rk) where rk are random locations
with the average density nimp. We employ the linear
response, H = H0 +H1, with
H0 =
p2
2m∗
+ ηp+ Vdisorder , (3)
where η = [(−(αR + αD)σy , (αR − αD)σx], and
H1 = − e
2c
{v,A}+ −
1
2
gµBBσ ,
where v ≡ p
m∗
+ η.
The zeroth order inAGreen’s functions, G0, reflect the
standard disorder broadening. We introduce the inverse
momentum relaxation time τ−1 = 2πnimpu2ν, where
nimp is the density of impurities and ν = m
∗/(2πh¯2) is
the electronic density of states per spin (strictly speak-
ing ν is the density of states in absence of the spin-orbit
coupling). We obtain
GR0 =
(
1
2
+
1
2
ηp
αφ|p|
)
GR+0 +
(
1
2
− 1
2
ηp
αφ|p|
)
GR−0 , (4)
where GR±0 (p, ω) ≡ (ω − ǫ±(p) + i/(2τ))−1. In equilib-
rium GK0 = h(ω) (G
R
0 −GA0 ), where h(ω) ≡ tanh ω−EF2T .
Within the self-consistent Born approximation we find
the linear (in A) correction to the Green’s function, G1.
Having G1 we can calculate any single-particle quan-
tity, i.e., density or current. As usual in the linear re-
sponse theory the Keldysh component GK1 splits into
two parts, GK1 = G
K,I
1 + G
K,II
1 . The first part, G
K,I
1 ,
corresponds to the retarded-advanced (R-A) combina-
tions in the Kubo formula, while GK,II1 stands for the
R-R and A-A combinations [15]. The standard Keldysh
perturbation theory gives the spin-charge density matrix
as ρˆ = 12 n(q,Ω) + s(q,Ω)σ =
∫
dω
2pi
∫
d2p
(2pi)2 [−i G<1 ] =
− i2
∫
dω
2pi
∫
d2p
(2pi)2 (G
K
1 − GR1 + GA1 ), where n(q,Ω) is the
charge density while s(q,Ω) is the spin density. It splits
as follows ρˆ = ρˆI + ρˆII , where ρˆI = − i2
∫
dω
2pi
∫
d2p
(2pi)2 G
K,I
1
and ρˆII = − i2
∫
dω
2pi
∫
d2p
(2pi)2 (G
K,II
1 −GR1 +GA1 ).
Introducing the average spin-orbit band splitting
∆F ≡ pF
√
α2R + α
2
D, we can define three regimes: (i)
“super-clean” τ−1 < ∆2Fm
∗/p2F = m
∗(α2R + α
2
D); (ii)
clean m∗(α2R + α
2
D) < τ
−1 < ∆F ; (iii) dirty τ−1 > ∆F .
Our results below apply both in the clean and in the dirty
regimes, but not in the ”super-clean” one, i.e., our results
apply for τ−1 > ∆2Fm
∗/p2F .
We obtain
(1− I)
τ
ρˆI = iΩνI˜
[
e{vA}+
2c
+
1
2
gµBBσ
]
, (5)
The functional I˜ is defined as
I˜[X(p)] =
=
1
m∗τ
∫
d2p
(2π)2
GR0 (p+ q/2, EF +Ω/2) ·X(p) ·
·GA0 (p− q/2, EF − Ω/2) , (6)
while I is a 4 × 4 matrix defined by its action on the
4-vector ρˆ as Iρˆ = I˜[ρˆ] (we just use the fact that ρˆ is
independent of p to represent the functional I˜[ρˆ] as a
product of a 4× 4 matrix I and a vector ρˆ).
The second contribution to the density, ρˆII is given by
ρˆII = 12gνµBBσ. Thus the total density follows from
(1− I)
τ
ρˆ = iΩνI˜
[
e{vA}+
2c
]
+
[1− (1− iΩτ)I]
2τ
gνµBBσ . (7)
We allow for arbitrary external frequency Ω, including
Ω > τ−1. However, we limit ourselves to the experimen-
tally relevant regime vF |q| ≪ τ−1. Recently the spin and
charge response functions to the longitudinal fields were
calculated for arbitrary values of q in Ref. [17].
We expand the matrix I in powers of q, I = I(0) +
I(1) + . . .. In zeroth order in q the matrix I is diagonal
and its elements are given by
I
(0)
00 =
1
a
, I(0)zz =
a√
R
,
I(0)xx =
(Q+D)− b2(1 + Tα)
2a
√
R
,
I(0)yy =
(Q−D)− b2(1− Tα)
2a
√
R
, (8)
where R ≡ (a2 + b2)2 − b4T 2α = (a2 + (1 + Tα)b2)(a2 +
(1 − Tα)b2), D ≡
(
a2 + b2 −√R
)
/Tα, and Q ≡(
a2 + b2 +
√
R
)
. We have introduced a ≡ 1 − iΩτ and
b ≡ 2∆F τ . Analyzing the path of the complex function
R(Ω) we conclude that for
√
R we have to choose the
branch-cut along the positive semi-axis R > 0. Alter-
natively we can use the usual definition of
√
. . . (with
the brunch-cut along the negative semi-axis) but replace√
R→ −i√−R.
For the part linear in q, I(1), we obtain the following
matrix elements
I(1)zx = −I(1)xz =
pF |q|τ sinα
m∗
i(1)zx ,
I(1)zy = −I(1)yz =
pF |q|τ cosα
m∗
i(1)zy , (9)
where
i(1)zx ≡ −
iab
√
1+Tα
R
a2 + b2(1 + Tα)
,
i(1)zy ≡
iab
√
1−Tα
R
a2 + b2(1− Tα) . (10)
3We have neglected terms mixing the charge density with
the spin density, since they contain a small parameter
m/(p2F τ) as compared to the spin-spin terms.
Expanding the RHS of Eq. (7) in powers of q up to
the terms linear in q and neglecting again the charge
density term for the same reason as above we obtain for
the orbital term
iΩνI˜
[
e{vA}+
2c
]
= C
(0)
E,xσx + C
(0)
E,yσy + C
(1)
E,zσz
=
νe |E| sinα
τpF
c
(0)
E,xσx +
νe |E| cosα
τpF
c
(0)
E,yσy
+
νe |E||q|
m∗
c
(1)
E,z(α)σz , (11)
where E = iΩ
c
A. The dimensionless coefficients in the
zeroth order in q contributions are given by
c
(0)
E,x = −
b(1 + Tα)
√
1−Tα
R
(
b2 −D)
4a
,
c
(0)
E,y =
b(1− Tα)
√
1+Tα
R
(
b2 +D
)
4a
, (12)
while the coefficient in the linear in q contribution is
c
(1)
E,z(α) = i
√
1− T 2α ×
×
(
b4(1− T 2α)− a4
)
b2 − (2Tαa2b4 +RD) cos 2α
4aR
√
R
.
(13)
Finally, the Zeeman term in the RHS of Eq. (7) reads
[1− (1− iΩτ)I]
2τ
gνµBBσ =
=
ν g µB
2τ
∑
α=x,y,z
[
1− aI(0)αα
]
Bασα . (14)
Note that the magnetic terms (∝ B = iq×A) are already
of first order in q.
We are now in a position to calculate the spin density.
First we obtain the zeroth-order in q contribution. It is
given by
s(0)x =
τ
1− I(0)xx
C
(0)
E,x
= −νeEy
2pF
· b(1 + Tα)
√
1− Tα(b2 −D)
2a
√
R− (Q+D) + b2(1 + Tα)
,
s(0)y =
τ
1− I(0)yy
C
(0)
E,y
=
νeEx
2pF
· b(1− Tα)
√
1 + Tα(b
2 +D)
2a
√
R− (Q−D) + b2(1− Tα)
,
s(0)z = 0 . (15)
This is a generalization of the well known result [3, 4]
meaning that there is an in-plane spin polarization ”per-
pendicular” to the applied electric field. We observe that,
for Tα 6= 0, it is only perpendicular to E if the electric
field is along one of the main axes x or y.
Next we calculate the first order orbital contribution.
We only calculate the z component of the spin density,
as it was zero in the zeroth order. We obtain
s(1),orbitalz =
τ
1− I(0)zz
C
(1)
E,z
− τ
1− I(0)zz
(
−I
(1)
zx
τ
)
τ
1− I(0)xx
C
(0)
E,x
− τ
1− I(0)zz
(
−I
(1)
zy
τ
)
τ
1− I(0)yy
C
(0)
E,y
=
τC
(1)
E,z + I
(1)
zx s
(0)
x + I
(1)
zy s
(0)
y
1− I(0)zz
=
νe |E||q|τ
m∗
1
1− I(0)zz
×
×
[
c
(1)
E,z(α) +
i
(1)
zx c
(0)
E,x sin
2 α
1− I(0)xx
+
i
(1)
zy c
(0)
E,y cos
2 α
1− I(0)yy
]
= νµBBz
(me
m∗
) 2Ωτ
1− I(0)zz
×
×
[
c
(1)
E,z(α) +
i
(1)
zx c
(0)
E,x sin
2 α
1− I(0)xx
+
i
(1)
zy c
(0)
E,y cos
2 α
1− I(0)yy
]
,
(16)
where µB ≡ e/(2mec) and me is the bare electron mass.
The last form is most convenient for dimensional analysis
and plotting, as the factor in square brackets is dimen-
sionless.
Finally, for the Zeeman term we obtain
s(1),Zeemanz =
τ
1− I(0)zz
ν g µB
2τ
[
1− aI(0)zz
]
Bz
=
1− aI(0)zz
1− I(0)zz
· ν g µB
2
Bz . (17)
Discussion. We observe that both parts of the out-of-
plane spin polarization sz, i.e., the orbital part given by
Eq. (16) and the Zeeman part given by Eq. (17) can be
regarded as linear response to the out-of-plane magnetic
field Bz. Thus our analysis amounts to a calculation of
the susceptibility χ(ω, q) so that sz = χBz.
We observe that in the clean limit, i.e., for ∆F > τ
−1,
the orbital susceptibility greatly dominates over the Zee-
man one. As one can see in Figs. 1 and 2, for experimen-
tally relevant parameters, the susceptibility χ exceeds the
Pauli susceptibility by a factor of order hundreds.
In the vicinity of Tα = 0 we reproduce the results of
Ref. [1] and the susceptibility is peaked around Ω = 2∆F .
For Tα substantially different from zero a double peak
structure develops with the positions Ω = 2
√
1± Tα∆F .
Here the pole singularity present at Tα = 0 splits into
two square-root singularities corresponding to zeros of
4function R(Ω) at Ω = 2
√
1± Tα∆F − i/τ . One or the
other peak are emphasized depending on the angle α as
seen in Fig. 2.
2 4 6 8 10
WΤ
50
100
150
200
Re Χ
Ν ΜB
2 4 6 8 10
WΤ
-150
-100
-50
50
100
Im Χ
Ν ΜB
FIG. 1: Real and imaginary parts of the total (orbital plus
Zeeman) spin susceptibility χ ≡ sz/Bz for 2∆F τ = 5. Solid
lines: Tα = 0.1, dashed lines: Tα = 0.5, dotted lines:
Tα = 0.9. Parameters assumed as in GaAs: me/m
∗
≈ 15,
g = −0.44. The results are plotted for α = pi/4 which also
corresponds to the averaged over α susceptibility.
We obtained our results for a microwave with a given
direction of the wave-vector q, i.e., for a given angle
α. The most obvious way to observe the orbital con-
tribution to the spin susceptibility would be by apply-
ing a homogeneous oscillating magnetic field Bz, e.g., by
putting the sample into a magnetic coil. Such a field cor-
responds to an equal superposition of plane waves with
all possible wave vectors q laying in the xy plane. To
obtain the orbital spin response in this case one should
just average over α, i.e., substitute 〈cos 2α〉 = 0 and
〈cos2 α〉 = 〈sin2 α〉 = 1/2. This is what we plot in Fig. 1.
Note, that for Tα = 0, i.e., for pure Rashba or Dres-
selhaus coupling, the response is α-independent and the
averaging brings nothing new. On the other hand, when
the two couplings are of comparable strength, the suscep-
tibility strongly depends on α (see Fig. 2) and averaging
over α can change the result considerably. At Tα = 1 the
orbital susceptibility vanishes.
We thank I. Martin for numerous encouraging discus-
sions.
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